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ABSTRACT 



Motivated by the recent D-brane constructions of world-volume monopoles and instan- 
^^ ' tons, we study the supersymmetric SU{N) Yang- Mills theory on S^ x i?^+^, sponta- 

0^ ■ neously broken by a Wilson loop. In addition to the usual A^— 1 fundamental monopoles, 

the A^-th BPS monopole appears from the Kaluza-Klein sector. When all N monopoles 
qj I are present, net magnetic charge vanishes and the solution can be reinterpreted as a 



Wilson-loop instanton of unit Pontryagin number. The instanton/multi-monopole mod- 



^ ■ uli space is explicitly constructed, and seen to be identical to a Coulomb phase moduli 

H ; 

^ - space of a C/(l) gauge theory in 2 -|- 1 dimensions related to Kronheimer's gauge the- 

ory of SU{N) type. This extends the results by Intriligator and Seiberg to the finite 
couplings that, in the infrared limit of Kronheimer's theory, the Coulomb phase param- 
eterizes a centered SU{N) instanton. We also elaborate on the case of restored SU{N) 
symmetry. 
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1 Solitons on D-Branes 

Recently there has been a considerable interest in the low energy D-brane dynamics Q and its 
relation to the supersymmetric Yang-Mills systems. When there are A^ parallel Dp-branes, their 
low energy dynamics is described by a reduction of the A^ = 1 supersymmetric 10-dimensional 
Yang-Mills system of the gauge group U{N) to the p+ 1 dimensional superysmmetric Yang-Mills- 
Higgs system [||. The physics of the supersymmetric Yang-Mills systems can be understood by 
that of the D-brane dynamics, and vice versa, enriching our understanding of both subjects. 

BPS magnetic monopoles and instanton-like solitons in supersymmetric Yang-Mills systems 
have been understood in the D-brane language recently. The key point is that the Ramond- 
Ramond (RR) charge carried by the D-brane y] can be also carried by world-volume instantons 
and monopoles. The coupling (between the RR gauge field Cp+i and the world volume gauge field) 
that is responsible for this is succinctly written as 

where the integral is over the world- volume of Dp-branes for each p Q. .7-" is the world- volume 
Yang-Mills field strength. 

For instance, when an open D(p — 2)-brane ends on a Dp brane, the RR charge carried by the 
former must be somehow cancelled by a Yang-Mills soliton on the Dp-brane, of co-dimension three 
B. From the above coupling, it is clear a soliton of charge 



/ ^, (2) 



/52 

is a source for Cp_i RR gauge field, so a RR charge conservation requires that the boundaries of 
the D(p — 2)-brane carry the magnetic charge with respect to Dp-brane world- volume gauge field 

i- 

On the other hand, Yang-Mills instantons appear, say, when there are N parallel D4-branes 
overlapping each other so that U{N) symmetry is restored. If a DO-brane approaches the D4- 
branes from infinity and touches the D4-branes, it could melt away, leaving an SU{N) instanton 
(in real time) on the D4-brane [^. This process conserves the RR charge as both DO branes and 
instantons carry the same charge. The instanton energy is identical to the DO-brane mass and one 



can interpret the instanton as the threshold bound state between a DO-brane and N overlapped 
D4-branes. This picture has been studied in many variations connected under the T-duality. In 
particular the D-brane configuration has been shown to be connected to the ADHM construction 
of the instanton configurations. 

In this paper we consider cases where at least one direction of the space-time is compactified 
on a circle, so that a D3-brane/Dl-brane configuration in the type IIB theory is T-dual to a D4- 
brane/DO-brane configuration in the type IIA. Both magnetic monopoles and instantons appear in 
the compactified, five-dimensional Yang-Mills system of D4-branes, when the gauge symmetry is 
broken by a nontrivial Wilson loop. This will lead to a new understanding of magnetic monopoles 
and instantons in a compactified Yang- Mills theory. In the latter half of the paper, we will concen- 
trate on the moduli space of such solitons. 

2 The Low-Energy Effective Field Theory 

We take the spacetime to be S^ x i?^+^ x T^. Let N parallel Dp-branes {p > 3) overlap with 
the noncompact part i?^+^. Up to various T-dual transformations, we may as well take p = 3 so 
that these D-branes lie entirely along R^^^. When N D-branes are all separated from each other, 
the theory is in the Coulomb phase where it admits magnetic monopole solutions. Furthermore, 
we will assume that all D3-brane positions are aligned along S^, so we are effectively working in 
S^ X i?'^+^. Finally, upon a T-dual transformation, we map S^ of circumference L to its dual S^ of 
circumference L = Air'^a' /L, which is now wrapped around by A^ D4-branes. 

The world-volume theory in question is then five-dimensional A/" = 4 U{N) = U{1) x SU{N) 
Yang-Mills compactified on S^ |Q]. The Abelian part U{1) of the gauge group will be ignored in 
our discussion here. The bosonic part of the effective Lagrangian on S^ x R"^^^ is 
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The dimensionful coupling ^ is proportional to the D4-brane tension T4, and, for later use, we 
express it in terms of the D-string tension fi , 



/x = 27rW4 = ^. (4) 



The circumference L of S^ enters because the T-duahty transformation rescales the string couphng 
e*^ oc 1/fp. The relevant symmetry breaking is via a Wilson loop along S^ , so we shall subsequently 
ignore the five scalar fields ^p. 

The theory admits the BPS bound, as usual, and in the absence of electric excitation, the energy 
functional is 

^ = ^ / tr^^,^^- (5) 

with the Greek indices ranging from 1 to 4. This is bounded by 

£>^ f tr Je^,^^^^,^"'^ = 87rVpi(-^) (6) 

where Pi{J-) is the Pontryagin number of the Yang-Mills field, 

Pi(-^) = A/ tr-^,A^. (7) 

8vr^ Js^xRS 

and the bound is saturated when the Yang-Mills field solves the BPS equation 
on S^ X R^. 

3 Fundamental Monopoles and Wilson-Loop Instantons 

Splitting the gauge field A^ into the noncompact part Ai^i = 1, 2, 3 and the compact part A^, the 
BPS equation is 

B, = DiAi-diAi. (9) 



With this notation the BPS bound can be written as. 



£ > 87rVpi(-^) = 2/i / / 



tr 

R3 



BiDiAi — -eijkAjd^Ak 



(10) 



We first observe that all three-dimensional BPS monopole solutions [0] are also solutions of this 
equation just by setting Ai independent of the periodic coordinates x^ and regarding A^ as an ad- 
joint scalar field. Thus, this theory admits the A^ — 1 spherically symmetric, fundamental monopole 
solutions [^, each carrying a distinct topological winding number in 'ir2{SU{N)/U{l)^^^) = Z^^^. 
Each of these fundamental solutions is characterized for having only 4 zero modes. 



However, there are other solitonic solutions of the same monopole charges, an infinite number 
of them as a matter of fact. To see this, it suffices to recall that the BPS solution exists for generic 
asymptotic value ^4(00). Because A4 is in fact a component of the gauge connection along the 
compact direction, it can be shifted under a large gauge transformation as 

Ai^Ai + A (11) 

for some constant hermitian matrix A. Monopole solutions of larger masses are obtained by first 
solving the three-dimensional BPS equation with the boundary condition ^4(00) = (.44) + nA 
and then performing a large gauge transformation back to A4,{oo) = {A4). This works for n > 
whenever tr {{A4) A) > and e belongs to the center of the gauge. 

Consider the simplest case of SU{2) for N = 2. We write the generic Wilson loop as 

(^4) = ^g (12) 

for < r/ < 1 and where Q is the unbroken U{1) charge operator normalized to be unit for the 

massive vector meson. In the unitary gauge, Q would be a diagonal matrix diag{l/2, —1/2). The 

usual BPS monopole is then a solitonic solution where A4 interpolates between at origin and 

2TTri Q/L at asymptotic infinity. The relevant A can be chosen as 

27r ^ 
A = -Q, (13) 

so the infinite tower of monopole solutions simply correspond to rescaled spherically symmetric 
BPS solutions that allow A4 to interpolate between and 27r(ry + k) Q/L for any nonnegative 
integer k > 0. After a large gauge transformation, we may keep A4,{oo) at 2TrriQ/L but let 
^4(0) = —2irkQ/L. (As long as the Wilson loop at origin is invariant under the global gauge 
rotations, such a solution is perfectly regular and acceptable.) 

The masses of these monopoles are easy to evaluate. The monopole solution is independent of 
x^ when we choose ^^^4(0) = 0, and then its BPS mass formula is similar to that of 3-dimensional 
Yang-Mills theory |^, 

£: > 87rVm(-^) = 2/1 / / tr[BiDiA4]=87r'^fiik + r]). (14) 

Note that the monopoles also carry a Pontryagin number k + r]. 



This is a perfectly sensible result from the D-brane perspective. There, a fundamental monopole 
is simply a D-string segment that stretches between an adjacent pair of D3-branes along S^ j^. 
The D3-brane position on S^ is dictated by the Wilson loop. For SU{2), their coordinate x^ (€ 
[—L/2,L/2]) is given by zizrjL/2, as can be deduced from the fact that both ry = and rj = 1 
correspond to a symmetric phase where the two D3-branes must coincide. A D-string of length 
rjL stretching between the two D3-branes carries a fundamental magnetic charge, and is naturally 
identified with the fundamental monopole above (/c = 0). Note that the mass formula obtained 
from the field theory does agree with the D-brane picture. The mass is 

£ > SvrVr/ = 8^' ^ ^ = n (r/L). (15) 

which is simply the D-string tension multiplied by the length. 

In addition, we may have a closed D-string wrapping around S^. Such a loop carries no magnetic 
charge and is of mass fiL = Svr^/i. The configuratons of a single segment of length rjL combined 
with k loops of such closed D-strings has exactly the right mass and charge to form the infinite 
tower of monopoles obtained above. What is the field theory soliton that corresponds to the 
closed D-string loop? The answer is obvious once we made the above identification. Removing 
the fundamental monopole to asymptotic infinity, one obtains a k closed loops of D-strings of zero 
magnetic charge. Its Pontryagin number pi{J-) is A;, so each loops of D-string must be realized as 
an SU{2) instanton on S"^ x R^. 

The same reasoning goes through for SU{N). Writing the expectation value (^4) in a unitary 
gauge, 

{Ai) =diag{r]i,r]2,m,---,VN)^, - > m > V2 > ■ ■ ■ > m > -^ (16) 

the A^ — 1 fundamental monopoles are of masses Svr^/x (77^ — rja+i), as can be seen from an SU{2) 
embedding. The infinite tower of monopoles for each fundamental charge can be treated by a simple 
SU{2) embedding, and this again results in the mass formula, 

£ > 8TT^fipi{J^) = SvrV {k + r,a- r?a+i) (17) 

Thus the higher mass monopole is again interpretable as a combination of a fundamental monopole 
and k SU{N) instantons. On the D-brane side, the N D3-branes are at x^ = r/jL, so the string 



segments bewteen adjacent pairs are of masses fi (rja — r]a+i)L = Svr^/x (rja — Va+i) with the funda- 
mental charge, while the chargeless, closed loop of D-brane has the mass fiL = Sn'^fj,. Comparing 
this to Eq. ([l7|), it is pretty clear that the closed loop of D-string corresponds to an instanton of 
pi(^) = 1. 

This is in accordance with the fact that, upon the T-duality transformation from S^ to 5"^, a 
single D-string loop crossing A^ D3-branes turn into a DO-brane on A^ D4-brane, a natural candidate 
for an SU{N) instanton. Because the instantons exist even when the gauge symmetry is broken 
by a Wilson loop, we shall call them the Wilson- loop instantons. 

4 The Wilson-loop Instanton as A^ Fundamental Monopoles 

Such a closed loop of D-string can break up into segments between adjacent pairs of D3-branes. 
With D3-branes separated along S^, there are exactly A^ such monopole-like segments. However, 
so far we have isolated only A^ — 1 species of fundamental monopoles, each represented by a three- 
dimensional spherically symmetric solution. We need one more monopole solution in order to match 
the D-brane picture. In the D-brane picture, this corresponds to a segment stretching between the 
first and the A^-th D3-branes directly, and clearly is possible thanks to the compact nature of S^. 
On the other hand, since a closed loop of D-string carries no magnetic charge with respect to the 
unbroken U{1)^~^, the A^-th monopole must have a charge opposite to the sum of the other A^ — 1 
fundamental monopoles. 

To see how a BPS solution of a "wrong" magnetic charge arises in the Yang-Mills theory, let 
us again consider the simplest case of SU{2). Here, it is also useful to recall why a pair of BPS 
monopoles has no static force between them: it is because the vector force is canceled by that of 
the scalar. In order to flip the magnetic charge and still solve the BPS equation, we need to make 
the absolute value of ^4 to increase (rather than decrease) toward origin. With ^4(00) = 2Trr]Q/L 
as above, possible choices for ^4(0) are (k + 1)2-kQ/L for any nonnegative integer k. 

How do we know a BPS solution wth such boundary conditions exists? Because such a config- 
uration can be gauge-transformed to the usual BPS solution through a large gauge transformation 
that shifts ^4 — > ^4 — (A; -|- 1)2ttQ/L everywhere, followed by a global gauge rotation Q — > —Q. 
The resulting configuration is that of the ordinary BPS solution whose A4 interpolate between at 



origin to {k+ 1 — rj)27rQ/L at asymptotic infinity. The mass is again easily estimated in the latter 
gauge, and 

£■ > 87rV^(A: + l-??). (18) 

The infinite tower of monopoles given by this is a precise analog of the infinite towers we encountered 
above. The minimal case of A; = is again a fundamental monopole in that it carries precisely 4 
zero modes. Generalization to SU{N) proceeds similarly. 

This second (or the A^-th) fundamental monopole is possible because the x direction is compact. 
In the gauge where the ordinary fundamental monopoles are x^-invariant, this solution must have 
a Kaluza-Klein momentum along x^. In reality, however, both (or all N for SU{N)) monopoles 
are on equal footing, since one can always perform a large gauge transformation to get rid of the 
x^-dependence of the second (or the A^-th) fundamental monopole, as we saw above. 

We need one more field theory computation to complete the picture. If the higher mass monopole 
is indeed a mere sum of a fundamental monopole and k instantons, and if the instanton itself is 
a sum of N monopoles, the zero-mode counting must reflect this. In particular, the higher mass 
monopoles of fundamental charge must carry a large number of zero modes which should be also 
consistent with that of an instanton. 

Following Brown et. al. [^, we write the zero mode equation as, 

a^V^^ = 0, (19) 

where "D^ is the background covariant derivative and ^ = a^5A^ satisfies a reality constraint 
coming from the fact that the zero modes 5 An are hermitian matrices. The 2x2 matrices a a are 



given by {crj,i) while o"^ = {a 



J' 



-I 



Now consider the infinite tower of monopoles of the fundamental charge in the SU{2) theory. 
Performing a Fourier expansion of ^ with respect to the internal periodic coordinate x'^, 

^= 5] e^2-™-'/^^(^), (20) 

the zero-mode equation reduces to a three-dimensional one due to E. Weinberg |^], now with a bare 

mass, 

„ 2TTm 

a^Z)^^(^) = -^^(„), (21) 



where Dj = Vj and D4 = P4 — 84. From Ref. P|, one can easily see that this admits 4 normaUzable 
solutions whenever the bare mass term is smaller than the scale set by the monopole mass, i.e., 
|77i| < 1] + k. Since 77 > in the broken phase, 2/c + 1 Fourier modes contribute 4 each, and 

8k + A (22) 

is the total number of zero modes. When we consider the SU{N) monopoles, the same reasoning 
goes through since we may obtain the necessary BPS solutions by embedding the SU{2) solutions. 
One difference is that there are also some {SU{N)) zero modes that transform as doublets with 
respect to this embedded SU{2). After this is properly taken into account, we find 

4Nk + 4 (23) 

as the total number of zero modes. 

This zero-mode counting is clearly consistent with the interpretation that the higher mass 
monopole is a fundamental monopole of the same charge combined with a chargeless collection 
of A^A; fundamental monopoles of 4 zero modes each. In turn, the index theorem applied to the 
Wilson-loop instantons of pi{J-') = k gives the bulk contribution, 

2 X At / TrT AJ^ = 4:N x^ f trT NT = ANk (24) 

Svr"^ Js^xRS 8tt^ Js^xR^ 

while the boundary contribution is expected to be null for integral pi{T) as in W^ case. The first 
trace Tr is over the SU{N) adjoint representation, and we used the identity Tr{- ■ •) = 2A^ x 
tr{- ■ •) for SU{N). Again the zero-mode counting is consistent with the above picture that the A^A; 
monopoles are in fact k SU{N) instantons. The interpretation of a Wilson-loop instanton as A^ 
fundamental monopoles is thus complete in the purely Yang-Mills theory context. 

5 The Exact Moduli Space and a 3-D Gauge Theory 

A simple consequence is that the one-instanton moduli space is identical to that of A^ fundamental 
monopoles. When the A^ monopoles are well-separated, we can infer the approximate form of the 
metric from their long-range interaction. Following Gibbons and Manton ||lO|, Lee, Weinberg and 



Yi constructed the general form of such an approximate metric |11|. Applied to the present case 



it gives 

G = Mabd^a ■ d^b + {M-^)ab{dCa + ^ac ' d^,){d^b + W^ ' (ix^), (25) 

where the diagonal components of N x N matrix M are 

1 1 

Maa = mi + r + a = 1, 

|Xi-X7v| |Xi-X2| 

Maa = ma + - 1 + | r O = 2, . . . , iV - 1, 

Maa = mjv + 1 r + 1 r a = N, (26) 

|xAr-XAr_i| |xAr-Xi| 

with nia being the (rescaled) mass of the a-th monopole, which is located at x^ in i?^, and the only 
nonvanishing ofF-diagonal components are 

MiN = Mm = —. ^ r, Mab = -, ^ 1 {\a-b\ = l). (27) 

The vector potential W is related to the the scalar potential M by 

VcMab = Vc X Wab, (28) 

which ensures that the metric is hyper-Kahler. The U{1) coordinate ^a/2 for each a is periodic in 
27r and gives rise to integer-quantized dyonic excitation of the i-th. monopole. 

If the A^-th monopole is absent (or infinitely far away from the other A^ — 1 monopoles) , such 
an approximate metric is known to be exact ||ll|, [l^ . One compelling physical reason behind this is 
the fact that the A^ — 1 unbroken U{1) gauge symmetry prohibits certain short-distance corrections 
that allow an electric charge transfer among the N — 1 fundamental monopoles. With the addition 
of the A^-th monopole, there are still only A^ — 1 U{1) symmetries from the original gauge group, 
so it may appear that a short distance correction is inevitable. 

However, there is another U{1) symmetry, namely the translation along S^, which acts to 
preserve an electric charge. One easy way of seeing this is again from the D-brane picture. An 
electric charge is carried by open fundamental string segments stretching between D3-branes. When 
all A^ monopoles carry the same (absolute) quantized amount of electric charges, the situation is 
that of a closed string winding around S^. Upon a T-dual to S^, this winding number is translated 
to the conserved momentum along S^. From the low energy perspective, we can also compute the 
momentum P4 

Pa(x f trTof^T^i, (29) 

10 



which, for A^ = 2 and k = 1, evaluates to 

Pi(xqir] + q2{l-r]) =q2 + r]{qi-q2), (30) 

when qi and q2 are the electric charges (our convention is such that the total electric gauge charges 
are zero when qi = (72) on the first and the second fundamental SU{2) monopoles respectively. The 
translation invariance along x^ thus preserves a linear combination of the two electric charges.^ 

The A^ independent conserved electric charges along with the hyper-Kahler property of the 
moduli space implies that the asymptotic form above must be in fact the exact expression. One 
should be able to set up an argument similar to those in Ref. [12| and show this explicitly. We have 



obtained the instanton moduli space of an SU{N) instanton on S^ x R^ for an arbitrary Wilson 
loop from the equivalent multi-monopole configuration. 



The same form of metric has recently appeared in a work by Intriligator and Seiberg |13|, as that 
of the Coulomb branch moduli space of a C/(l) gauge theory with four extended supersymmetry 
in 2 + 1-dimension.Q The theory has N species of electrons of charge (1, —1) with respect to each 
adjacent pairs of [/(I) gauge groups, and the two moduli space coincides if the bare masses of the 
electrons vanish. 

This identity can be understood by adapting the method of Hanany and Witten jl^. We 
consider N parallel NS 5-branes separated along a circle S^. We will take the rest of the space-time 
to be noncompact R^^^. Also put one 3-brane segment between each adjacent pairs of the 5-branes. 
The corresponding solitons of co-dimension three in the 5-brane world- volume theory are precisely 
the monopoles we discussed above, or collectively an SU{N) instanton, through a series of S- and 
T- dualities as well as some decompactifications. 

On the other hand, Hanany and Witten also identified the effective 2 -|- 1-dimensional theory on 
such 3-brane segments, and the rule is that each segment produces a C/(l) vector multiplet and each 
adjacent pair of segments gives a hypermultiplet of charge (1, —1) with respects to the two [/(l)'s. 
With the A^ 3-brane segments parallel to S^, then, the gauge theory is U{1)^ with A^ species of 

electrons linking pairs of C/(l)'s successively. The Coulomb phase of this theory is parameterized 

^P4 is not properly quantized because it is not the Noether momentum. The latter is found by dropping a 
?7-dependent surface term that is independently conserved. 

^Intriligator and Seiberg actually considered a [7(1)^/(7(1) gauge theory due to Kronheimer. But the difference 
is simply that of whether or not one factors out a trivial part S^ x R'' of the moduli space. 
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by the 3-brane configurations, which are nothing but the instanton/multi-monopole configurations 
from the 5-brane perspective. The two moduh spaces are identical, and the three-dimensional 
U{1)^ couplings Qa are determined by the monopole masses, 

^ ~ ma- (31) 

Furthermore, our assertion that the metric written above is exact, is reflected in the fact that 
the Coulomb phase moduli space metric of the Abelian U{1)^ theory receives no nonperturbative 
correction. 

One particular linear combination of the U{1) gauge fields is free, and if it is removed, we 
recover Kronheimer's theory of SU{N) type [p!3| , [l5| . On the other side of the correspondence, this 
has the effect of factoring out the center-of-mass motion on S^ x R^, so the Coulomb phase of the 
Kronheimer theory coincides with the relative part of the instanton/multi-monopole moduli space. 

A special case of this result was anticipated by Intriligator and Seiberg [^]. They noted that 
the infrared limit of the Kronheimer theory of type SU{N) is "mirror" to a U{1) theory with A^ 
electrons. The Higgs phase of the latter had been interpreted as the moduli space of an instanton 
located at a fixed point in i?^, and, under the proposed mirror symmetry, should be mapped to the 
Coulomb phase of the infinite coupling Kronheimer theory. Such a mirror mapping was subsequently 
justified by various authors [0, |I^. In view of the relationship between the monopole masses nia 
and the [/(l)^ couplings ga, this can be seen to be a special case of our result in the limit of 
decompactified S^ (dual to vanishing S^). 

6 Symmetric Phase and the Calabi Metric 

When the Wilson loop becomes trivial, the SU{N) gauge symmetry is restored and the moduli 
space must reduce to that of a symmetric-phase instanton on S^ x R^, also known as the periodic 
instanton. In this limit, the first A^ — 1 monopoles are massless (ttt-i = • • • = ttt-at-i = 0). Redefining 
the position coordinates by r^ = Xyi — Xyi+i for A = 1, . . . ,N — 1 and R = x^v, and the U{1) phases 
by ipA = J2a=i ^a and x = J2a=i ia, the moduli space metric can be rewritten as 

g = rriN dJl^ -\ dx^ + Grd, 

rriN 

Qre\ = CABdVA ■ dvB + {C'^)AB{d'4>A + ^ AC ' drc){d'4>B + ^BD ' dro), (32) 

12 



where the (A^ — 1) x (-^ — 1) scalar potentials Cab are 

Caa = t\+ ,^^ | , Cab = j^J-- {Aj^B). (33) 

The vector potentials satisfy Vc x w^^ = ^cCab, and the U{1) coordinates ipA are all of period 
47r. Note that the metric Q^ei is devoid of any mass scale. The relative moduli space described by 
Qj-ci is thus valid for any size of S^, and can be considered the moduli space of a symmetric-phase 
SU{N) instanton located at a point in either S^ x R^ or i?^. It is precisely the Coulomb phase 
moduli space of the infinite coupling Kronheimer theory of SU{N) type.p] 

The metric Qj-^i itself is a degenerate limit of the so-called Calabi metric |l^ which is an SU{N)- 
invariant hyper-Kahler metric. For Qj.f,i, the SU{N) isometry is clearly related to the restored 
SU{N) gauge symmetry. The relative moduli space in the symmetric phase parameterize the 
gauge orientation of the instanton beside its size: the principal SU{N) orbit of the Calabi manifold 
is SU{N)/U{N — 2), and the remaining single coordinate must correspond to the instanton size. 

The metric Q^ei possesses an isolated singularity at origin. For N = 2, this is particularly easy 
to see because the Calabi metric is simply that of the Eguchi-Hanson gravitational instanton whose 
degenerate limit is R^/Z2 = R^ x SU{2)/Z2. The isolated singularity at origin persists as we 
break the SU{N) gauge symmetry by a Wilson loop, because the singularity occurs at vanishing 
instanton size where the scale of the Wilson loop is negligible. Again, this can be seen explicitly 
for N = 2: the relative moduli space of a pair of distinct monopoles is always given by Taub-NUT 
space locally |]l8|, and thus by continuity it has to be a Z2 orbifold of the Taub-NUT space. The 
massless limit of the Taub-NUT is R'^. 

This massless limit of the instanton/multi-monopole moduli space provide us with an interesting 
explanation of a phenomenon found by Rossi in the late 70's ||l^. Start with 't Hooft's SU{2) multi- 
instanton solution and line them up along a fixed axis, say x^, at equal distances. The resulting 
configuration is periodic along x^, and effectively a single symmetric-phase instanton on 5^ x E?. 
As usual, there is a single moduli that parameterize the instanton size, say p, in addition to the 

moduli that arise from broken global symmetries. Then, it was observed that, as p is sent to 00, 

^The coordinates Intriligator and Seiberg used in Ref. |13| are more like the x^'s and the ^^'s above than the 
proper relative coordinate ta's and ^a's, so one must be careful to express one of them, say for a = A'^, as functions 
of those for a = 1, . . . , A*' — 1. 
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the periodic instanton solution of ever-increasing size approached the usual BPS monopole solution 
in R^ up to a large gauge transformation. 

In our picture, the periodic SU{2) instanton is composed of a pair of distinct fundamental 
monopoles. In the limit of restored SU{2) gauge symmetry, the Wilson loop is trivial (?? = 0) so 
that the first fundamental monopole is massless. But the second is still massive. The situation is 
reminiscent of those in Ref. |2^; as the non-Abelian gauge symmetry is restored, some monopoles 
become massless and dissolve into a charge cloud that shields the (non-Abelian) magnetic charge 
of the remaining massive monopole. At such a massless limit, some of the collective coordinates 
acquire new physical significance, and in particular, what used to be the inter-monopole distance 
translates into the size of the cloud. 

More generally, when we have the SU{N) gauge group restored, A^ — 1 of the monopoles are 
now massless, and only one, say the A^-th, remains massive. There is again a single collective 
coordinate p that parameterizes the cloud size or equivalently the instanton size. In terms of the 
three-dimensional coordinates above, p can be redefined to satisfy a simple relation 

p'^/L = |xi -X2I + |X2 -X3I H h \XN-1 -XAr| + |xAr -Xi|, (34) 

which can be deduced from the study of the moduli space of two distinct massive monopoles in 
Ref. [20] that arise upon SU{N + 2) ^ SU{N) x f/(l)^. The present moduli space results from 



the latter by putting the two massive monopoles at the same point and identifying their electric 
charges. 

Thus the large instanton limit (p -^ oo) is realized if at least one of the to-be-massless monopoles 
is removed to the asymptotic infinity. In fact, by an SU{N) gauge rotation, this is equivalent to 
letting Xa = oo for a = 1, • • • , A — 1 simultaneously. Left behind is a single massive monopole at 
x^r, which certainly can be gauge-transformed to a canonical BPS monopole solution. 

The smooth interpolation between the monopole picture and the instanton picture also tells 
us something about the multi-monopole configurations in the broken phase. Far away from each 
other, individual monopole has a clear identity as magnetic solitons on R^. As their separations 
grow smaller, however, the size of the internal S^ becomes appreciable, and they cannot retain the 
character of solitons on R"^. Rather, as the length scale progressively decreases, the compact nature 
of S^ will no longer be important and they must clump together at a point in S^ x R^, and look 
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a lot like very small R'^ instanton. This is a radical departure from what one would expect from 
ordinary three-dimensional magnetic solitons, and must be responsible for the isolated singularity 
of the relative moduli space at origin. 

7 Conclusion 

We have studied field theory aspects of monopoles and instantons on D-branes in a compactified 
spacetime, and found a consistent picture emerging from a purely field theoretical perspective. For 
the gauge group SU{N), we also found the exact moduli space of a single Wilson-loop instanton by 
interpreting it as a collection of A^ distinct fundamental monopoles. The relative part of this moduli 
space is subsequently identified with the Coulomb phase moduli space of the three-dimensional 
Kronheimner theory of type SU{N). In the limit where SU{N) is restored, or in the infrared limit 
of the Kronheimer theory, the relative moduli space turns out to be the degenerate limit of the 
Calabi manifold. 

There are many directions to explore further. First of all, one may consider the S'-duality 
of the type IIB theory, and look for threshold bound states. Since our instanton moduli space 
has the maximal triholomorphic Abelian symmetry, we suspect that the generalization of Gibbons 



construction |21| generates threshold bound states. 



Second, there is a generalized Nahm formalism [22| in constructing self-dual solutions on S^ x R"^ 



such as our monopoles and instantons |23]. The basic aspect has been explored before and it should 
be interesting to understand it further in the context of D-brane physics. 

Third, we may consider the Yang-Mills theory on compact D4-branes, such as on a four-torus. 
Instanton should persist but the concept of magnetic monopole is no longer available. One out- 
standing question is how to construct the moduli space in such cases. It would be most interesting 
to see if a simple derivation as ours is also possible. 

P.Y. thanks J. Maldacena for a stimulating conversation and also for drawing his attention 
to compactified Yang-Mills systems. The authors are also grateful to A. Dancer and A. Swann 
for making their manuscript available prior to its publication. K.L. supported by the Presidential 
Young Investigator Fellowship. This work is supported in part by U.S. Department of Energy. 
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